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ABSTRACT.      Let  G  be an infinite compact group and G   its dual.   For

1< p < oc,   £P(G) is a module over  £!(G) OtA(G),  the Fourier algebra of  G.

For  1 < p, q < <x>,  let  X        = UomA(G)(£ P{G), £q(G)).   If  G  is abelian, then

"I* p   is the space of  L "(G)-multipliers.  For  1 < p < 2  and  p    the conjugate

index of p,

A{G)* *i,iCV>" V.#,S  "!2,2  = ¿0°(G)-

Further, the space  )B .   .   is the dual of a space called   3.,  a subspace of

Cn(G).   Using a method of J. F. Price we observe that

Ul»,,,:  1<?<PS5   KpiPin\Kqq:p<q<2\

(where  1 < p < 2).   Finally,  ■        = {o}  for  1 < p < 9 < «.

1.   Modules, over the Fourier algebra.  Throughout this paper  G will denote

an infinite compact group and  G its dual (we use the notation from  [l]).

Throughout,   1 <_ p, q, r < 00.   Given  p, the conjugate index will be denoted by

p' d/p + i/p' =1).

Definition.   Let  4> e (~c.(G) and so  <f> = / for  / a trigonometric polynomial

on   G.   We define   <f> by the rule   <£ = (/)   where  f(x) = f(x~l), x £ G.

Proposition 1.   The map (p 1—► a\ from (¡Lp (G) to C_,(G) extends to an

isometry of £p (G)    (1 < p < oc) and of C„(G).

Proof.   For / a trigonometric polynomial on  G,  we have that   (/)   =((/))  =

((7T )*= ilfjf (see  [1, p. 87]).   Thus for <f> £ &p(G),  |$||    = \\<p\\p.      □
Definition.   Let (p, ifj £ Cp(G), we define  <f> x ift £ C„(G) by the rule

((f> x iff)   = (f>tf/ (r£ denotes the inverse Fourier transform of  (f> [l, p. 97]).   We

note that \\(p x ifr\\, <   ||0||, ||y>||,, <f>, «A 6 Cp(G) (see   [1, p. 93]).   We define the

pairing   <0, ^> = Tr(^) = (cf) * (^)(e) = |G 4>(x){f,(x) dm c(x),  <f>,xfj £ Cp(G),
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e  the identity in  G.   Equivalently,  {(p, xfj) = (cp x if,)L (where   £ denotes the trivial

representation x h» 1 : G —> C).

The map (cp, \fr) h->   ((p, if,) extends to a pairing between  x.p(G) and XP (G)

(1 < p<«), that is,   |(</,, ̂>|<   WpWp', and   ||0||p = sup||<0, ^>|: |M|p'< H,

0, tA eeF(<5)(see [l, p. 144]).

Theorem 2.   For 1/p + I/o > 1,   t/be zrozp  (r/j, ifi) h- cp x ib: Cp(G) x £p(G)

-» CF(G) exreWs /o a map o/ ï.p(G) x £e(G) — £r(G), 1/r = 1/p + I/o - 1   (t^e

rep/zzce    £°°(G)  by <2Q(G)), szzci tto   ||0xiA||r<  IM|pM,,  <p elp(G),

ib £ £«(ô).

Proof.   For  <p, ib, 6 £ Cp(G) we define the form  F on  Cp(G) x Cp(G) x

CF(G) by the rule   F(0, if,, 6) = (cp x if,, d) = fG^>(x)y7,(x)d(x) dm G(x) = (if/,<px 6);

and thus   F is symmetric.   Now   \F{<p,ilf,d)\<UxniM„<\\<p\\lM\\lMO0>

<f>, if,, 6 eCp(G).   Let

U(ar a2, ai) = sup\\F(<p1,cp2,<pi)\: <p} £ C^G),   |f^,.ft1/s. < 1,  1 </'<3i,

a     a  , a    £ [0, l].   By the Riesz-Thorin convexity theorem for integration

algebras   [l, p. 143], it follows that  log M is a convex function on   [0, 1] x

[0, 1 ] x [0, 1 ].   Since  M(l, 0, 1 ), M(l, 1, 0), M(0, 1, 1 ) < 1, it follows by inter-

polating that  M(l/p, \/q, I/7') < 1   where  I/7 = 1/p + i/o - 1.      □

Corollary 3.   For 1 < p < 00, £l(G) x £"(G) = £"(G) and so S.P(G) ts an

<tl(G)-module.   A Is o £Hg) x & 0(G) = C Q(G).   For I   < p < 00, £"(G) x £*' (G) C

e0(G).   For l/p + I/o > 1, £P(G) x £«(G) C £'(G), 1/r = 1/p + I/o - 1.

Theorem 4.   £2(<5) x £2(G) = lAg)~.

Proof.   Let  <p, if, e £  (G) and choose  \f  \°?_., \g   \°1_i   sequences of

trigonometric polynomials on  G such that  /    -2* <j>, g     -^» if, in  £  (G).   Then

fn&n  E Ll(G^' and we  wish  to  show that  <P x "A = lim„_.oo4 xSn = lim„_oo^„S„)

£ L   (G)   .   But this follows since  \f g   i°° ,   is a Cauchy sequence in   L  (G).
n   n n — 1 ■

Conversely, for h £ L (G), write b = fg, f, g £ L (G). Choose \(f> !°°_i >

fi/r S^.j sequences from Cp(G) such that <£n -^ f, ibn ^+ g in £ (G). Now

ri é     -^ /g in   LX(G) and so  £ = (/g)" = (lim     J> $  )" = üm (<¿ ¿  )" =

lim     „<A x t//   = lim        <¿   x lim        ib    £ £2(G) x £2(G).      D

2.   Multipliers on modules over the Fourier algebra.

Definition.   Let  1/p+I/o > 1,  rA e £P(G), i//e£*(G).   We define  (<f>,ib) =

(cp x if/) .   This is an extension of (■ , •) from &p(G) x Lp(G).

Definition. Let 1 < p, q < oo. We define %p q = Horn . - (£P(G), £9(G)),

except that we replace £°°(G) by ¿„(G). Note that £P(G) is an £ (G)-module

(Corollary 3).   (See Rieffel  [7] for a more general setting.)
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Proposition 5. Let T: Cp(G) —» CQ(G) be a linear map. Define ||T|| =

supl|<T0,^r>|: U\\p<l, H\\q> <1, <f>, ib e ep(G)}. Then log||T||1/ai>1'/fl2

is a convex function for (a., a  ) £ [0, l] x [0, l].

Proof. Apply the Riesz-Thorin convexity theorem for integration algebras

[1, p. 143].     D

Proposition 6.   ML 2 = L°°(G).

Proof.   By taking the inverse Fourier transform we see that ML _  is

isomorphic to' the space of bounded maps   T from   L  (G) to   L  (G) which commute

with multiplication by elements of A(G), that is,  T: L  (G) —> L  (G), T(fg) =

f(Tg), f £ A(G), g £ L  (G).   Thus   T is multiplication by an element of  L°°(G),

that is, there exists  h £ L°°(G) such that  Tg = hg, g £ L (G) (let h = TI).     G

Theorem 7.   Let   1 < p, q < oo.   Then Ml„     = Ml  '    '.— r       — P.I        1 ,P

Proof.   We first suppose  1 < p, o < oo.   Let  F e Mlp        Thus   T: £p(G) -*

C0(G), and   ||T||p q < oo.   Now   T(<f> x lb) = <f> x (Tib), cb^ib £ €.p(&).    Define the

adjoint of   T, S by S: £p(G) -> &0(G) and  (Tcf>, ib)=(<p, Sib), cf>, if, £ &p{G).

For <p, if, £&p(G), {T<p, ib) = ((Tcp) x ib)L = (T(<¿> x ib))L = (T(ib x <p))L = ((Tt//) x0)t

= (0 x (Ti//))( =(0, Tz//).   Thus  S and  T agree on Cp(G).

Now for <p,^ e(2F(G), {T<f>, if,) =(</>, Sib) = (cb, Tib), and so   |Tg       =

||T||   '    ».   It follows that   T | Cp(G) extends uniquely to an element of Ml  >    •

and so Ml.  „ C Ml   '    '.   By symmetry  Ml   '    » = Ml.     .
i>,<? 9 ./> 7     ' '       a ,P P,a

We consider now the exceptional cases.   Since  A-  (G) has an identity, we

obtain Mlj     = ZP(G) for 1 <^ p < oo and Mlj ^ = CQ(G).   Further, applying the

previous argument we see that   T £ Ml    x implies   T em.     i = ¿lp (G).   But by

Corollary 3,  £" (G) C Mlp oo, so Mlp ̂ Mlj    ».  The other spaces  Mlp j   (p > 1 )

and  Ml^      (o < oo) will be shown to be trivial in Theorem 10.     D

Theorem 8.   Let I < p < q <2.   Then

A(G) uIHg) -I,   .CI..C1       fl,  ,,« L°°(G).
1,1 P. P Q, a 2,2

Proof.   That £  (G) = Ml,   ,   follows since  A(G) has an identity.

Since  j~p(G) is an £  (G)-module,  Ml,  , C Mi        (recall Theorem 2).

Let  Te Ml      .   Then   II Til    . = II Til   » ' » < oo.' Since  log II Til,.      ,.      isa
q,q "     "q,q       "     "q  ,q & M     "\ / a\,l/ 02

convex function of (ay a2) e[0, l]x [0, l],  ||T||2 2 < ||T||9    .   Thus m'q q cMl2 r

Now for  reMlpp,  ||T||pip < oo.   Also  ||T|| J <  ||T||p;p < oo.   Now since   ¿

1/2 < I/o < 1/p, we can interpolate to get   ||T||        <  ||T||    p < <*>•   Thus

ML     cMl      .     D
P.P a,q

Theorem 9.   Let 1 < p < 2.   Then Ml„ „ / Ml, ,.— r P.P 2,2
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Proof.   By way of contradiction, suppose  Ml       = ML 2 = Loc(G)   .   Then

L°°(G)~ c£"(G) (since  Î e£?(G)), and so   \\f]\p'<C\\f\\^, f £ L°°(G), C<~.

In particular,  f \-> f maps   C(G) into !£P(G), and its adjoint T maps  £*"  (G)

into   M(G).      Further T:£p'(G)^ L!(G) (since T(f2F(G))C L!(G) and  LX(G)

is closed).   Let <p £ S.p'(G) and co e £°°(G).   Then 0a. €£"'(0) and  (</>«)" e

L  (G), that is, the map co h» (<£cu)     takes £°°(G) into  L  (G).   It follows now

from a theorem of S.   Helgason   [5, p. 785] that  <p e£2(G).   Thus  tp (G) C £2(G),

a contradiction.     O

Theorem 10.   Let 1 < p < q < oo,  then Ml?     = ,0|.

Proof.   First, let 1 < p' < 2 < p.   We show that Ml      » = iOi.   For if

T eMl.    », T 4 0, then there exists  A e L°°(G), h 4 0, such that / r-> ¿/ is a

bounded linear operator from  Lp (G) —> L  (G) (consider the maps:  L    (G)    —>

!£p(G)   X £P (G)   -^LP(G), see   [1, p. 144]).   Thus there exists   C < oo such that

\\hf lip < Cll/ lip' . / e lP (G)-   Let  e > ° be such that  í*: !*(*)! > f! contains a

measurable set   E with  mAE) > 0,  and let  y_E  denote the characteristic function

of  E.   Then

epmG(E) < ||AXe||p < C^^BJ, = C^F))^',

and so  0 < cp/Cp < (mG(E))p  p       .   But let  m   (E) tend to  0 for the required

contradiction.   Thus we have established Ml.     ' = JO},  1 < p* < 2 < p.P.P r r

Now letTeMl      ,  T 4 0, 1 < p < q < °o, excepting the case Ml^ ..   Thus,

II^llf»' a' = II^Ho     ^ °°"   ^he Riesz-Thorin convexity theorem implies for  1/r =

1/2 - l/2p + 1/2? that  Mlr r> 4 W, a contradiction.   Finally,  SK^ , C 12>, = {0j.    D

Remark.   The proof of the above theorem was suggested to us by our

colleague John Fournier.

3.   Multipliers as dual spaces.   For  G abelian,  Ml        is the space of   LP(G)-

multipliers,   and  A. Figà-Talamanca   [4] (also M. Rieffel  [7]) has shown it to be

a dual space.    We now will exhibit this result for the case of  G   nonabelian

(compact).   For  p = 1,  Ml,   ,  is clearly a dual space;   indeed,  ML   , = £  (G) =

eQ(G)* (see   [l,p. 88]).

Definition.   Let 1 < p < 2.   For <p £ C0(G), we define

ÍOO oo
E   UJpUJp'- <A =  Z  <f>„ x *„ (convergence in  ^„(5)),

nml n=ï

{*»dc£i,(ô)' ̂«C-i c£*'<ê>j-

We use the convention that  inf 0 = oo.   The subspace of  LQ(G) consisting of all

<b with   III^IIL < oo is denoted by  d .
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Remark.   By Theorem 4, Q-2 = L (G)   .

Proposition 11.   For 1 < p < 2,  S    is a Banach space.

Proof.   It is easy to show   |||-||L  is a norm.   We wish now to show that  U    is

complete with respect to   |||-|||p.   Let  i<An5~=1    be a Cauchy sequence in  Up.   We

may assume that   \\\<pn - <pn+l\\\p < l/2" + 1.   Let  if,n = <pn^ - <pn £ Qp,  and so

write  ib    as   £°°   ,6      x co      ,0       £ X.P(G), co       £ X.p  (G), and
~n m = l   nm nm'     nm nm

2-=1l/2" < oo, and so cp £ &p.   Also   |||^ - «¿|||p = P^^JI, < S^^l/2«,

which is small for large enough  m.      D

Theorem 12.   Let £ £ Q*    (1 < p < 2).   Then there exists  T £ Ml        szzc¿

<*<»   \\T\\p,p < UII  «««*  <T<¿> "A> = í(0 x if,), <p, if, £ ep(G).

Proof.   For <f>, ib £ £p(G),  \£(<b x ib)\ < \\\cb x ^|||p||í|| < ||<¿>||p||<Allp'|ia •

Thus, for each <f> e (¿.(G), the map if, h-> ̂ ((p x if,) extends to a bounded linear

functional on S.P'(G).   Let coe£p(G) = (£"'(<?))* be such that  (co, if,) = Ç(<b x if,).

Define   T<f> = co(<p £ £p(G)).   Thus  (Tcb, ib) = £(</> x if,).  Now  T: Cp(G) -. £P(G)

and   ||7"||    ô < ||£||, so we may extend   T to all of L.P(G).   Finally, to see that

T £ Mïp p we note that   (T(<pl x <f>2), ib) = f((<£x x <p2) x ib) = C((pl x (cp2 x ib)) =

((TçSj) x (c/>2 x ib))L = ((Tr/jj) x <p2, ib), (bl,(b2,ib£ Cp(G).   Thus   T(<f>l x cp2) =

(Tcb^xcp^ <bl,<p2 eCp(G).  Thus  F eMlpp.     d

Proposition 13. Le/ <£ e £P(G) (1 < p < oo) or </> e CQ(G) (p = oo) and e > 0.

Tèen ízWe exists a sequence \<p" \°°_, C Cp(G) such that £°° , ¡</j || < ||<p|L + í

oW  S00,^)    = 0 (convergence in norm).

Proof.   For rz = 1,2,..-, let t/»n eCF(G) be such that   ||i//n - <£||    < e/2".

Let  ¿>. = t/f,   and, for  n = 2, 3, • • • ,  let  <h   = if,     , - if,  .   Then  \d>  i°° , C
~ 1       '   1 'n~n+l'n "n n = l

<V^   2«lll^Jlp<WF + 2~l'/2- = ||0||p + £, and   ̂ nl*n'*N*l   **
in  £"(G).      □

Proposition 14.   Let qj £ £"(G), if, £ £p (G), aW e > 0 (1 < p < 2).   Then

there exist sequences   }0nl~=x, i>A„C=l C ^F^ Such that  ^n^MJp^Jp' <

ll^llpll^llp' + f' and ^n = l^„ x,¡/n = <Pxib (convergence in Cn(G)).

Proof.   Let  e  , e   > 0 be chosen in a way to be specified later.   By

Proposition 13, there  exist sequences   \(b  i°°_x> !<A   i°°_i C CF(G) such that

e".   Let  #, = 2^* and ^-2^.   Now  £ x ^  -5. ¿ x if, in C0(G)

(by joint continuity).   Now  <b'n x ib'n = 2£ /=1<^ x </»,;   also  2£ /=1l|<Afc||p||'A/||p'

= 2* = lll^HÄlll^llp'  <^Mp*'tnh,t + <"><MpMl'p'  +i for the    '



362 C. F. DUNKL AND D. E. RAMIREZ [October

appropriate choice of  e  , f  .   Finally, note that  cp    x if,    = 2? ;=1^t x ib,.       D

Proposition 15.   Let a> £ 0.     (1 < p < 2) and e > 0.   Then there exist

sequences  \<p   !°°_x, \ib   \°°_, C cL(G) such that co = 2°°_]<p'    x if,    (convergence

in   CAG)) and 2°° J<¿ T\\ib  ||   » < |||a>||l    + e.

Proof.   There  exist sequences   \<f>' ¡°° , C 1P(G) and  {ï/f' }°° , C Jl^ (G) such

that o = 2~ ̂  x <//  and  2~ J^XKV < Mp W2.  FoTeach n = 1, 2,
• ■ • ,    there  exist  sequences   i<P„mi~=x, HnJC=l c <2F(G) such that  ^ x t/»n =

2:=l^m x^m and  S^J^JUI^JI,' < KUhAX' +,/2" + 1.   Now
2:=i2:=i ii^jipii^jip' < kmwJp1 + f/2 < mi,+ f and

n = \    m-\" nm       rnm

Proposition 16.   Let 8 > 0 and let X g = \<o € Cp(G): a) = "2N ,(/>    xf   ,

<Pn^„eeF^'  IMIIp + ̂ ^l^Jpl^Jp'' so?*e -V = l,2r=--f.   Tie«
each X s  z's dense in   U.   (1 < p < 2 ).

o P -

Proof.   Fix  8 > 0,  f e U  ,  and  0 < e < 8/2.   By Proposition 15, there exist

sequences   \<f>   }°°_x, S'A   S°°=t CL(G) such that  ç= 2°°_1<£    x if,    and

S,7=l Wp^X' < W7+f"   Choose  N achthat  Ç=N"1||0Jp||lAJ|p,<f
and let co = 2?_10II x ib n-   Then   |||W - f||| < P~W+10B x tAJ| < r and

dll^Hpll^llp'< ^jll^ll.ll^ll,' <lliaip + i<INIIp + 2£.  Thus „ £XS
and   |||û)-Î|||i,<e.      D

Theorem 17.   Le/ 1 < p < 2  orzo7  T £ ML „.    T/je«  T extends to a bounded

linear map from Of   —> Of ,  and the linear functional T : Of   —> C given by

tHo>) = (T<a)t is t» Of* with  ||T«|| < ||T||.   Tèzzs Of*^ Mlp p.

Proof.   Let 8 > 0 and co £ X s C CZp(G) C £"(G).   Write <u = 2^=1<£n x ibn,

<bn,ibn eep(G), where   \\\oj\\\p + 8 > 2^_x ||<¿Jp||^Jp<. Now TW -k%ml<pn x ■/»„)

= 2N„=XT(^ x ^ = 2^(7^) x ibn, and   |||Ta,|||p < 2^11^11^» <

||T||        (|||<w||L +5).   But Xg is dense in Of    and so  T extends to Of    with

norm less than or equal to   ||F||       (l + 5).   But  5 > 0 is arbitrary and so

IIMp<l|7lpJIMIIp-      D

Corollary 18.   For 1   < r < 2, Mlr ̂ fliMl,. s: r <s <2\, and for 1 < r < 2,

UW      :l<s<7ÎcMl     .

Proof.   J. F. Price   [6, pp. 326—330] has given a general argument based on

the Riesz-Thorin convexity theorem which yields the corollary using only the

facts that Ml        *¿ML 2  (o < 2) (see Theorem 9), that Ml        is the dual space of

Of ,  and that  Of    contains  X  (G) as a dense subspace (see Proposition 16).      D

Definition.   Let 1 < p,o < oo, 1/p + I/o > 1, and ï/r = 1/p + I/o - 1.   We

define for  <b £ £r(Ô),



1972] -MULTIPLIERS ON MODULES OVER THE FOURIER ALGEBRA 363

i       OO oo

p,q " inf ] Z   H^„llpll"A„ll?: <P =  Z &„ x 'A«  (convergence in £'(0)),
(rz = l n = l

,0   f     C£P(G),   it/z   f       C £*(C)     .
n n-i T n  n-i [

)

The subspace of £r(G) consisting of all  0 with   |||0|||        < °° is denoted by

<?*    •

Remark.   For  1 < p < oo, observe that  Of      » = Of  ;   and indeed, for 1 < p <

0 < oo, one can show that  Of     » = Ml      ,  by appropriately modifying the preceding

proofs.   (Note for  p > q that 5ll        = [OS, and for  1 < p <o < oo that 1/p + I/o' > 1 .)

Definition.   Let  WO denote the weak operator topology on Ml      ,  and let

w    denote the weak- topology on Ml (1   < p < 2) from the pairing of  Of    with

Mlpp.   Thus   Ta^T (\T\, ¡T}C Mlp'p) in  WO if and only if (Tacb, ib) -± (Tcb,ib),

4> £¡£P(G), ib £lp'(G); and   Ta  -^T in  w* if and only if   T^co  ^T^co, for each

Theorem 19.   In Mlp      (1  < p < 2), WO C z^*.

Proof.   Let  T. T eMl„ „ with   T     ^ T in «/*.   Thus  T*<y  ^T#w for all
a p, p cl a

co £ Of .   Extend Ta,   T to operators from  Of    to  Of    (as in Theorem 17) such

that  T»aco = (Fao))t, Tn(ö = (Tw)£ (&> e 0fp).   Let <f> £ lp(G), if, £¡£P'(G).   We

wish to show that   (Tacp, if,) —» (Tcp, ib).   It suffices to show that  S(<p x ib) =

(50) x ^, 5 e Mlpp: for then  (Tjp, ib) = ((Ta0) x ifj) L = (Ta(0 x iff)\ =

T*(c/> x ^f»   -^ 7^(0 x ib) = (T(c/> x <A))£ = ((Tc/>) x <A)£ = (T<f>, ib).   Now let

if,     -^ in  £^'(0),  ,</r -j00     C (L(G).   Then for  S e ML   _,  we have that~ n r Tn n = l b P.P

cp x ib     -L cb x i// in  Of    and so  5(0 xib) = lim  ^^(cb x if,  ) = lim      ^CS^) x <A

= (Scp)xib.     n

Corollary 20.   On bounded subsets of Ml        (1 < p < 2), w    = WO.

Proof.   Bounded closed subsets of  Of    S Mt„ ..  are  w -compact.       DP P.P r

Theorem 21.   Let $ denote the w  -closure of C ^(G)  or £  (G)  z>z ML _,
r P.P

1 < p < oo.   Then 0 = ML  ...

Proof.   Suppose  O / Ml      ,  then there exists  a) £ Of    such that  <a / 0 and

Tff(cu) = 0 for all  T e Cp(G) C Mlp    .   But if  Te Cp(G), considered as a sub-

space of Ml      ,  then there exists a  <p £ CF(G) such that   Tib = <p x if, for all

ib e £P(G).   Thus   THco) = (Tw)t = (0 x tu). = (0, cu) = 0, for all cp £ (?p(G).

But  co £ Of   C C0(G), so <u = 0.     D

Corollary 22.   For 1 < p < oo, £F(G)  zs  WO-dense in Ml      .

Remark.   An invariant mean on  £IX>(G) is a bounded linear functional  p on
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£°°(G) such that (1) p(cp) > 0 whenever  c/> > O,  (2) p(I) = 1   (/is the identity in

£00(G)), and (3)  p(fx cp) = f(e)p(cp), f £ A(G), cp e£00(G).   In   [2] we showed that

invariant means exist on  i_°°(G).

Let  p be an invariant mean on  i-°°(G).   Define   T: £°°(G) —* £°°(G) by

(ib, Tcb) = p(tb x cfA), ib e £!(G), <p £ £°°(G); and so  Tcb = p(cb)I.   Thus   T e

Homf 1(G)(£00(G), £°°(G)).   Also  Tf = 0 for /êL'IO", and it follows that  T

annihilates   (?0(G) = cl(L  (G)   ) (closure in  CQ(G)):  since for  p. £ M(G),

p(i¡) = p(\e\) (see   [3]).
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